Antiferromagnets are robust to external electric and magnetic fields, and hence are seemingly uncontrollable. Recent studies, however, realized the electrical manipulations of antiferromagnets by virtue of the antiferromagnetic Edelstein effect. We present a general symmetry analysis of electrically switchable antiferromagnets based on group-theoretical approaches. Furthermore, we identify a direct relation between switchable antiferromagnets and the ferrotoroidic order. The concept of the ferrotoroidic order clarifies the unidirectional nature of switchable antiferromagnets and provides a criterion for the controllability of antiferromagnets. The scheme paves a way for perfect writing and reading of switchable antiferromagnets.
The spin degree of freedom is highly controllable and has opened a new paradigm of electronics [1] [2] [3] [4] . Especially, spin manipulation by an interplay with other degrees of freedom such as charge and valley is attracting much interest in the field of spintronics. The concept is widespread in condensed matter physics, e.g., superconductors [5] and topological materials [6] .
Recently, the possibility of manipulating antiferromagnets has been recognized [7] [8] [9] [10] [11] , while most spintronics devices are based on ferromagnets. The antiferromagnet, which in itself has neither electric nor magnetic polarizations, is robust to external electric and magnetic fields, in contrast to ferroelectric or ferromagnetic material-based devices. Hence, antiferromagnets are considered to be a new candidate for a nonvolatile memory device [12] .
The switching of antiferromagnets has been explored in various ways: by using a spin-transfer torque or spin current in heterostructures [13] [14] [15] or magnetoelectric effects in bulk antiferromagnets [16] . In particular, manipulation by an electric current has significantly promoted the controllability of antiferromagnets. The switching mechanism utilizes current-induced antiferroic magnetization, namely, the antiferromagnetic (AFM) Edelstein effect. Following a theoretical proposal submitted independently by some groups [17, 18] , experimental realizations of switching have been achieved in CuMnAs [12] and Mn 2 Au [19] .
The key to the AFM Edelstein effect is a locally noncentrosymmetric crystalline structure, in which the local symmetry of certain sites has no parity symmetry in spite of a globally centrosymmetric crystalline symmetry. The sublattice degree of freedom plays an important role in such systems. The parity symmetry is preserved since the atoms in each sublattice are interchanged by the parity operation. Then, spin-momentum locking arises in a sublattice-dependent manner although uniform spin-momentum locking is forbidden due to the globally centrosymmetric crystal symmetry [20] [21] [22] [23] [24] . Accordingly, nonequilibrium antiferroic spin polarization is induced under electric current. This is an analog to the Edelstein effect, that is, current-induced ferroic spin polarization [25] [26] [27] [28] .
The switchable AFM order, which shares the same symmetry with current-induced antiferroic magnetization, breaks both of inversion and time-reversal symmetry although it preserves translational symmetry. It is noteworthy that the combined symmetry of parity and time-reversal operations, namely, PT symmetry, is preserved. The PT symmetry forbids electric polarization and net magnetization and ensures invulnerability to external electric or magnetic fields.
The properties of the AFM Edelstein effect have been investigated in previous studies [17, 18, [29] [30] [31] . The general criterion for determining electrically switchable antiferromagnets, however, remains unclear. An incomplete understanding of switchable antiferromagnets has disrupted further explorations of candidate materials except for the existing candidates [12, 19] .
In our work, we present a general criterion for the current-induced switching of antiferromagnets. A symmetry analysis based on the magnetic representation theory and the Aizu species clarifies what kind of AFM order can be manipulated by the AFM Edelstein effect. Furthermore, the analysis links switchable antiferromagnets and ferrotoroidic order. Thus, this work not only identifies many candidate materials but also provides a clear viewpoint of AFM spintronics. In the following, we do not discuss the effect of spin-transfer torque and spin current, since we focus on bulk antiferromagnets which are insensitive to surfaces.
Representation analysis. We first present a symmetry analysis of magnetic modes induced by the AFM Edelstein effect. The analysis is carried out with the use of a magnetic representation theory [32] [33] [34] [35] . We focus on centrosymmetric systems where the PT symmetry is preserved, though it is straightforward to extend the analysis to noncentrosymmetric systems. Noncentrosymmetric magnets (Ga,Mn)As and MnSiN 2 are exemplified in Supplemental Material [35] .
The magnetic modes realized by the AFM Edelstein effect do not lead to any translational symmetry breaking, and hence they are characterized by the Néel vector Q = 0. The formula of the AFM Edelstein effect is writ-ten asm
where the susceptibility tensorκ has symmetry determined by the crystalline structure [22, 30] . Therefore, supposing systems in the paramagnetic phase, we here identify the AFM modem AF and investigate which components ofκ are allowed.
The allowed magnetic symmetry with Q = 0 is described by a magnetic representation
where G and H denote a crystal group and sitesymmetry group of magnetic sites, respectively. Γ The response formula (1) is explicitly recast
The coefficient κ τ µ;ν is transformed by a symmetry operation g ∈ G as [39] g (κ τ µ;ν ) = ρ,λ,κ
where
, and D (j) are representation matrices of the sublattice permutation, axial vector, and polar vector, respectively. According to Neumann's principle, the transformed susceptibility tensor should satisfy g (κ) =κ [40, 41] . Thus, the susceptibility tensorκ is subject to constraints from the crystal group G.
An algebraic calculation by Eq. (4) identifies the symmetry-adapted form of κ τ µ;ν . To examine the symmetry constraints between magnetic structures and electric currents, it is practical to decompose the representation of the susceptibility tensor κ τ µ;ν into irreducible representations of G, that is, {Γ
where a coefficient q α denotes a frequency of Γ gives the number of independent components ofκ.
Here, we summarize the symmetry constraints for switchable antiferromagnets. Each irreducible representation Γ (α) G has inversion parity, since the crystal group G is centrosymmetric. Although both Γ M G and Γ j G are representations of vector quantities, they have opposite parity. Thus, the permutation representation Γ P G should comprise odd-parity irreducible representations to satisfy q 1 = 0. This means that a locally noncentrosymmetric property of magnetic sites is required for the AFM Edelstein effect as mentioned in previous studies [17, 18, 30] . Furthermore, the magnetic representation Γ is T odd and leads to the time-reversal symmetry breaking.
From the above analysis we conclude that the currentinduced magnetic structure is polar and magnetic (T odd). It follows that the switchable AFM order by the AFM Edelstein effect contains a toroidal moment T [42] . We stress that the Néel vector is Q = 0. Thus, all the switchable AFM order is regarded as a ferroic toroidal order, namely, ferrotoroidic order. This is a criterion of materials for AFM spintronics.
The toroidic nature of switchable antiferromagnets is intuitively understood by the fact that the electric current gives rise to a shift of the Fermi surface and produces "polarization" in momentum space. Such polarization shares the same symmetry with the toroidal moment as we have shown in the group-theoretical classification [43] .
Aizu species. Regarding the switchable AFM order as ferrotoroidic order, we may clarify the possibility of AFM domain switching by making use of the Aizu species.
In general, a phase transition reduces the symmetry operations of a disordered phase. The symmetry relation between the disordered and ordered phases is formulated by a group-theoretical method. By supposing the crystal group G (K) in the disordered (ordered) phase, the coset decomposition of G by K is obtained as
where g 1 ∈ K and g j ∈ K (j = 1). N is the order of G divided by that of K. A domain state s 1 , which is invariant to the symmetry operations of K, is transformed into other domain states by symmetry operations of g j K (j = 1). Therefore, the coset decomposition (6) shows the relation between domain states {s j },
where the domain s j is invariant to the symmetry oper-
j . Domain properties of the ordered phase are classified by the Aizu species [44] [45] [46] [47] [48] [49] [50] , the ensemble of pairs of G and K written as G F K. In the Aizu species classification, the species G F K is characterized by physical quantities such as electric polarization, magnetization, strain, and toroidal moment. In the case of ferrotoroidic order, we first assign a domain s 1 with a toroidal moment T (1) . Correspondingly, we obtain the toroidal moment
for another domain s j . The number of possible toroidal moments is determined by a given species, since the species G F K imposes the algebraic relation between domains as Eq. (7). Therefore, the Aizu species G F K is classified as full/partial/zero toroidic, when the domain states are completely/partially/not distinguishable by the toroidal moment T . The classification is summarized in Table I . 
for some but not all i, j partial toroidic
In a full-or partial toroidic species, the symmetryadapted field for the toroidal moment T , that is, electric current j, energetically distinguishes the domain states completely or partially. The electric current acts on the AFM moment such that the toroidal moment arising from the AFM mode is aligned along the injected current. Therefore, the classification based on the Aizu species for the ferrotoroidic order clarifies the AFM domains which are controllable by the electric current j. With a pair of the crystal group G and the group for the AFM state K, the feasibility of the electrical switching of AFM domains is determined by referring to the toroidic property of the Aizu species [49] .
The switchable antiferromagnets should belong to the full-or partial toroidic species. We have identified candidate materials for the switchable AFM order and show a part of the list in Table II . In Supplemental Material, we can find more candidates and more detailed information [35] . In the following, we apply our symmetry analysis to some antiferromagnets and reveal the toroidic property of the AFM state.
Similarly, Full toroidic case. As an example of the ferrotoroidic case, we discuss the tetragonal CuMnAs [61] where AFM domain switching has been demonstrated [12] . The crystal group is 4/mmm which is represented as G = 4/mmm1 in magnetic point group notation. The AFM phase is specified by K = mmm x , where the symbol x means the twofold rotation symmetry along the x axis. Correspondingly, the Aizu species is denoted by 4/mmm1 F mmm x .
The coset decomposition (6) is obtained as
where I, P , and C + 4z S + 4z are the identity operation, the parity operation, and the four-fold (improper) rotation, [69] respectively. The domain s 1 with the polar axis x possesses the toroidal moment T (1) = Tx. Accordingly, the toroidal moment of the domain s 2 = P s 1 is obtained as
Similarly, T (3) = Tŷ and T (4) = −Tŷ are obtained for the domains s 3 and s 4 , respectively. Thus, all the domains of CuMnAs have different toroidal moments, and the Aizu species (9) is actually full toroidic. Therefore, the AFM state can be completely manipulated by the electric current.
We summarize the properties of the Aizu species in Eq. (9) in Table III . The species (9) is zero electric and zero magnetic, and hence AFM domains can hold neither electric polarization P nor magnetic polarization M . These constraints are consistent with the PT symmetry preserved in the AFM state. On the other hand, the species is partial elastic. It follows that the AFM domains are partially controllable by stress which is the conjugate field to the strainˆ . Thus, the Aizu species analysis is also useful to elucidate the possibility of an indirect switching of the AFM state. [49] . "F," "P," and "Z" represent full, partial, and zero, respectively.
To support the Aizu species analysis, we conduct a representation analysis. The magnetic Mn ions are positioned in the crystallographic site with a noncentrosymmetric site-symmetry group H = 4mm, and CuMnAs is locally noncentrosymmetric. The magnetic representation is obtained as
Then, the product representation (5) comprises Γ
G = A 1g , since the E u mode in Eq. (13) is included in the polar representation Γ j G = A 2u + E u . Thus, the AFM Edelstein effect is allowed. The correspondence between the toroidal moment and the AFM order is clarified by the projection operator method [32, 35] . By the projection operator associated with the basis of E u , the AFM moment aligned along the ±x axis is revealed to have a toroidal moment ±Tŷ. Hence, the in-plane electric current ±j y stabilizes the AFM state as shown in Fig 1. Similarly, the electric current ±j x stabilizes the AFM moment along the ±y axis which has the toroidal moment ±Tx. Thus, the representation theory is consistent with the Aizu species analysis. Partial toroidic case. Next, we discuss a partially controllable AFM state of U 3 Ru 4 Al 12 , which belongs to a partial toroidic species. U 3 Ru 4 Al 12 crystallizes in a hexagonal structure (G = 6/mmm). The magnetic uranium ions form a kagomé lattice [62, 63] . Interestingly, the compound shows a compensated and noncollinear AFM order by which the threefold rotation symmetries are broken [63] . The Aizu species is given by
where z means the twofold rotation symmetry along the z axis. The species is partial toroidic as shown in Table IV and allows the domain states to be partially controllable by the electric current. Following the algebraic relation between the domain states, half of the six domains host the same toroidal moment T ẑ which can be inverted by the out-ofplane electric current j z . We also present a representation analysis. The U atoms are positioned in crystallographic sites with the 6/mmm1 F mmm z ˆ P M T P Z Z P site-symmetry group H = mm2. The magnetic representation is obtained as
which comprises polar representations A 2u and E 1u . The basis of A 2u (E 1u ) can be taken as a toroidal moment T ẑ (T {x,ŷ}), and the AFM Edelstein effect is actually allowed when j ẑ (j {x,ŷ}).
The magnetic order of U 3 Ru 4 Al 12 [63] is represented by the A 2u and E 2u irreducible representations. These representations are odd parity, and the former (latter) is polar (nonpolar). By representing one of the magnetic domains by the basis φ E2u + φ A2u , the other AFM domains are labeled as depicted in Fig 2. The φ A2u mode corresponds to the toroidal moment T z , and hence the electric current j z enables the switching between the AFM domains having different φ A2u components. On the other hand, the domains with the same φ A2u components cannot be switched by the electric current. Thus, the representation analysis is consistent with the Aizu species analysis in a partial toroidic case of U 3 Ru 4 Al 12 .
To control the AFM domains perfectly, we may use the magnetopiezoelectric effect, which is explained in Supplemental Material [35] .
FIG. 2. The Uranium sites in U3Ru4Al12
(left) and the possible AFM domains (right panels) [63] .
denotes the three-fold (improper) rotation. Each of domains has a toroidal moment, ±Tẑ.
Read-out of AFM domains. Following the symmetry analysis revealing an essential role of ferrotoroidic order for the electrical switching of AFM domains, we present a complete read-out of the domains using a functionality arising from the unidirectional nature of the ferrotoroidic order.
In an experiment of CuMnAs, an electrical read-out of AFM domains has been performed by measuring anisotropic magnetoresistance (AMR) [12] . The AMR, however, cannot completely distinguish domains, because domains with opposite toroidal moments show the same AMR. On the other hand, we can make use of the unidirectional property of the ferrotoroidic order to discern the AFM domains in a complete way.
The ferrotoroidic order induces a unidirectional anisotropy in various transport phenomena: In a nonlinear electric conductivity up to the second order |E| 2 denoted by
the ferrotoroidic moment T x µ gives rise to a finite longitudinal componentσ µµ , which changes sign between domains with opposite toroidal moment [43] . Therefore, the nonlinear conductivity may distinguish the domain states of switchable antiferromagnets in a complete manner. Thus, both of the manipulation and detection of AFM states can be electrically carried out.
The nonlinear conductivityσ µµ indicates a dichromatic transport. Indeed, dichromatic transport is an emergent physical property induced by the ferrotoroidic order. Although dichromatic transport has been observed in noncentrosymmetric systems under an external magnetic field [70] [71] [72] [73] and several ferromagnetic materials [74, 75] , it may be realized in ferrotoroidic AFM states without a magnetic field. Such dichroism induced by the ferrotoroidic order is tunable by the current j through AFM domain switching. When we vary an electric current, a hysteretic behavior may be observed as a signal of AFM domain switching.
It is noteworthy that the manipulation and detection of the ferrotoroidic domain by a tunable electric current are realizable only in metallic systems in contrast to previous observations of ferrotoroidic order in magnetic insulators [42, 76, 77] . The toroidic domain in insulators can be manipulated by making use of the magnetoelectric effect. To be specific, the toroidic domain in insulators is inverted by simultaneously applying both electric and magnetic fields [76, 77] . In contrast, the toroidic domains in metals are controllable by only injecting the electric current.
To summarize, we provide a general criterion of electrically switchable antiferromagnets based on the complementary use of the Aizu species and the representation theory. Both approaches unveil the direct correspondence between switchable AFM states and ferrotoroidic order. The concept of ferrotoroidic order uncovers functionalities of antiferromagnets and gives a clear viewpoint in AFM spintronics. It is desirable for further developments of AFM spintronics to explore the functionalities of various antiferrromagnets. On the basis of the symmetry analysis, we provided a list of electrically switchable antiferromagnets, which will be useful for future studies.
Recently, we became aware of an experiment of CuMnAs which demonstrated the switching and reading of the AFM domain states with opposite toroidal moments [78] .
The domain states have been distinguished by the nonlinear Hall conductivity which is described by Eq. (16) . The toroidal moment T x µ gives rise to a transverse nonlinear conductivityσ µν [79] , and hence the experimental result [78] is consistent with our symmetry analysis.
Supplemental Material: Symmetry analysis of electrical switching of antiferromagnets
S1. MAGNETIC REPRESENTATION THEORY
Here, we present a brief introduction to the representation theory for magnetic phase transitions [S1, S2] and apply the theory to the case of CuMnAs [S3, S4] . The magnetic representation, which describes symmetry of possible magnetic structures, is systematically obtained from a given crystal symmetry. A projection operator identifies the basis of the magnetic order in the way that the basis is symmetry-adapted to the irreducible representation.
A magnetic order is accompanied by the loss of some symmetry operations of a given space group G. Hence, the representation analysis based on the group theory is a powerful tool to investigate possible magnetic structures. The availability has been recognized in a lot of experimental works [S2] . Here we assume magnetic structures with no translational symmetry breaking (Q = 0), where the magnetic unit cell is the same as the chemical cell. In this case, the magnetic structure is invariant to every translational operation of the space group G, and thus the transformation property of the basis is determined by the point group G of the crystalline system. It is reasonable for the symmetry analysis of electrical switching of antiferromagnets to consider the point group symmetry, since applied external fields are uniform and cannot distinguish domain states induced by a translational symmetry breaking.
We denote by m (α) a magnetic moment localized at a crystallographic sublattice α in a unit cell. The magnetic basis {m (α) ν } are transformed by the symmetry operation g ∈ G as g m
where D (M ) and D (P) are matrices which represent the transformation property of an axial vector and sublattice permutation, respectively. Therefore, the representation of the magnetic basis is written by the direct product, G }. Now, we decompose the magnetic representation (S2) to identify which irreducible representation is comprised. The decomposition is given by
The independent magnetic basis of the representation Γ (a)
G is as many as q a . The coefficient q a is given by
where |G| is the order of the point group G. χ a (g) and χ mag (g) are characters of the representations Γ G , labeled by ξ, is given by the projection operator
G . In particular, for an one-dimensional irreducible representation, the projection operator is simplified asP
where χ a (g) = TrD (a) (g). Thus, we can complete all the possible magnetic structures by the representation theory technique.
A. Application to CuMnAs
We apply the representation theory to CuMnAs, where the antiferromagnetic (AFM) domain switching has been demonstrated [S3] . The compound shows a ferrotoroidic order in the AFM phase. Here, we investigate possible magnetic structures of CuMnAs and clarify the relation between the toroidal moment and the magnetic mode for the realized AFM order.
The magnetic sites, Mn atoms, are positioned at the crystallographic position with the site-symmetry group H = 4mm, while the crystal group is G = 4/mmm. The coset decomposition of G by H is obtained as,
where I and P represent the identity operation and parity operation, respectively. The number of the sublattice is the ratio |G|/|H| = 2 obtained from the coset decomposition (S7). Now, we examine a transformation property of the sublattice permutation. The matrix element of
and δ (a, b) is defined as
which is parametrized by the sublattice indexes a and b. In the case of CuMnAs, the two sublattices are interchanged by the parity operation g = P . Thus, the representation matrix is given by
and therefore the character is χ P (P ) = Tr D (P ) (P ) = 0. It follows that any sublattice does not return to its crystallographic position by the operation P . The condition χ P (P ) = 0 represents the locally noncentrosymmetric property of Mn atoms in CuMnAs. Similarly, characters of the symmetry operation g ∈ G are obtained as in Table S1 .
The characters of the axial vector representation χ M (g) are obtained by the trace of the representation matrices of an axial vector. In the case of the group G = 4/mmm, the character χ M (g) is given by a summation of the characters of the A 2g and E g irreducible representations. This is because the axial vector representation Γ M G is given by the direct sum of A 2g and E g . In fact, magnetization M z and {M x , M y } belong to the representations A 2g and E g , respectively.
TABLE S1. The character table in the crystal group G = 4/mmm for the representation Γ P G , Γ M G , and Γ mag G . The magnetic sites are supposed to be Mn atoms of CuMnAs. The conventional notation is adopted for the symmetry operations of G = 4/mmm [S5] .
The coefficients {q a } calculated by Eq. (S4) give the decomposition of the magnetic representation as
among which the E u irreducible representation corresponds to the AFM order of CuMnAs [S3, S4] . The symmetry-adapted basis are obtained by the projection operator (S5) . Taking the basis of the E u representation as {x, y}, we accordingly obtain matrix elements of the representation matrix D (Eu) in Eq. (S5). The projection operator for the E u (x) basis identifies the magnetic structure
where m (1) and m (2) represent magnetic moments localized at the two sublattices. The toroidal moment T 0x also belongs to the E u (x) basis, and hence the magnetic structure (S12) is induced by the electric current j x. Similarly, we obtain the the magnetic structure belonging to the E u (y) basis as
which corresponds to the toroidal moment T 0ŷ . The result of the representation analysis is consistent with the microscopic study for the AFM Edelstein effect [S6] . Note that we may obtain the irreducible decomposition of Γ P G without making use of the permutation matrices such as Eq. (S10). The definition (S8) says that the permutation representation is the induced representation of the identity representation Γ (1) H on the group G,
In general, irreducible representations {Γ 
Following the Frobenius reciprocity [S5] , a useful formula is obtained as
where the right-hand-side is obtained by the compatibility relation between the groups G and H. In the case of CuMnAs (G = 4/mmm, H = 4mm), the compatibility of the irreducible representation is shown in Table S2 . Therefore, the coefficients in Eq. (S14) are obtained as
Thus, Γ P G is given by
As demonstrated above, the irreducible decomposition of Γ P G is determined by only the compatibility relation between G and H. Accordingly, with the use of product rules for the irreducible representations we obtain Γ
which is the same result as Eq. (S11).
TABLE S2. The compatibility relation of the irreducible representations of G = 4/mmm in the case of the symmetry reduction G = 4/mmm → H = 4mm. The A1 irreducible representation is the identity representation of the group 4mm.
S2. EXTENSION TO NONCENTROSYMMETRIC SYSTEMS
Our symmetry analysis can be straightforwardly extended to ferromagnetic or AFM order in noncentrosymmetric systems, while in the main text we focus on the AFM order in centrosymmetric crystalline systems. In this section, we introduce a symmetry analysis based on the Aizu species and the representation theory in noncentrosymmetric systems, and apply the extended scheme to strained (Ga,Mn)As and MnSiN 2 as examples of switchable magnets with noncentrosymmetric crystalline structures.
The Aizu species analysis is extended in a straightforward way. When the system undergoes the magnetic phase transition which is switchable by the electric current, its species should be full or partial toroidic. Thus, the presence of the toroidal moment is a criterion of the electrical switching, irrespective of whether the crystalline structure is centrosymmetric or noncentrosymmetric. An important difference of noncentrosymmetric systems from centrosymmetric systems is the following. The species of switchable magnets can be full-magnetic, that is, magnetic structures can be ferromagnetic, since the PT symmetry is absent in the noncentrosymmetric systems. A switchable domain state may comprise ferromagnetic moment in addition to the toroidal moment.
As for the representation analysis of noncentrosymmetric systems, we obtain possible magnetic basis in the same manner as in Appendix S1. By supposing magnetic sites with site-symmetry group H, magnetic representation of crystal group G is obtained as Eq. (S2). The parity of each magnetic basis cannot be determined anymore owing to the fact that G is noncentrosymmetric. Below we discuss ferromagnet and antiferromagnet on the basis of the representation theory.
First, we present the criterion for the current-induced switching of ferromagnets. In contrast to centrosymmetric systems, the (ferromagnetic) Edelstein effect is allowed in noncentrosymmetric crystals [S7, S8] . The formula for the Edelstein effect is written as
where the susceptibility tensor has no sublattice degree of freedom in contrast to the AFM Edelstein effect [Eq. (3) in the main text]. The magnetic representation of the ferromagnetic order is same as the axial vector representation,
which is obtained by replacing the permutation representation Γ P G in Eq. (S2) with the identity representation Γ
G . Here we impose the symmetry of a paramagnetic state on the susceptibility κ 
where p 1 for the identity representation Γ
G gives the number of independent coefficients of the tensor κ FM µν . The condition p 1 = 0 can be represented by
due to Eq. (S4). χ j (g) and χ FM (g) are the character of the representations Γ j G and Γ FM G , respectively. The ferromagnetic representation should share the same irreducible representation with the polar vector representation Γ j G when the ferromagnetic order is induced by the electric current j. In other words, the ferromagnetic representation should comprise the toroidal moment representation which is the same as Γ j G . Thus, the toroidal moment is necessary for the current-induced ferromagnetic domain switching, although the attention was not paid in the spintronics studies. The crystal groups, where the Edelstein effect is allowed, are called as gyrotropic [S7] .
Next, we show the criterion for the switching of antiferromagnets. The representation of AFM order is obtained by subtracting the ferromagnetic representation Γ FM G from the magnetic representation Γ mag G owing to the relation,
Similarly, the representation of the AFM Edelstein susceptibility is decomposed as
The AFM Edelstein effect is allowed when satisfying r 1 = 0. The condition r 1 = 0 can be recast
which is derived from Eq. (S26). In the case of r 1 = 0, the AFM representation comprises the toroidal moment representation, that is, Γ j G . The toroidal moment which a realized AFM state comprises is inverted to be parallel to the injected electric current. Thus, the criterion is the same as that for the switching of ferromagnets.
In the following, we discuss two examples: stained (Ga,Mn)As is a noncentrosymmetric ferromagnet whereas MnSiN 2 is a noncentrosymmetric antiferromagnet.
A. Strained (Ga,Mn)As (Ga,Mn)As is a ferromagnetic semiconductor, crystallizing in the zinc-blende structure [S9] . Let us assume that the magnetic atoms (Mn) are positioned at Ga sites. The magnetic sites have no sublattice degree of freedom, and the magnetic representation is obtained as
The Edelstein effect is not allowed in (Ga,Mn)As, since the crystal group of the zinc-blende structure is G =43m which is noncentrosymmetric but non-gyrotropic. In fact, the magnetic representation (S29) given by Γ mag G = T 1 differs from the polar vector representation Γ j G = T 2 . Thus, the criterion for the switching magnetic domain is not satisfied. Now, we suppose that the crystal structure is deformed from cubic to tetragonal by applying strain represented by zz . Accordingly, the crystal group is transformed into G =42m. The applied stain also reduces the representations of axial and polar vectors as
where we use the compatibility relation between G and G . The representations Γ G = A 1 is obtained from the product representation E ⊗ E. Indeed, the product is decomposed as
Thus, the Edelstein effect is allowed in the strained system. In other words, the crystal group is changed from non-gyrotropic into gyrotropic by applying the strain. By using the projection operator associated with the E irreducible representation, the ferromagnetic moment M x and M y are identified to be symmetry-adapted to the electric current j y and j x , respectively. When the ferromagnetic moment M x > 0 is induced by the electric current j y > 0, M y > 0 has to be induced by j x > 0 because of the fourfold improper rotations of G . The elements of the tensor κ 
This form of the susceptibility corresponds to the Dresselhaus-type spin-momentum coupling [S10] . We also perform symmetry analysis based on the Aizu species. When the ferromagnetic moment is aligned along the x axis in the strain-free (Ga,Mn)As, the species and its property are obtained as
The species is full magnetic and zero toroidic. It turns out that the ferromagnetic moment of the unstrained (Ga,Mn)As is not switchable by the electric current, while it can be inverted by the magnetic field. On the other hand, the species of a strained system with in-plane ferromagnetic moment is described bȳ 42m1 F 2 2 2 x ˆ P M T P Z F F where x indicates that the twofold rotation axis is the x or y axis. The species of the strained (Ga,Mn)As turns into full toroidic species. Thus, the in-plane ferromagnetic order is perfectly controllable not only by the magnetic field but also by the electric current. The Aizu species analysis is consistent with the representation analysis.
B. MnSiN2
MnSiN 2 crystallizes in an orthorhombic structure with point group G = mm2 (space group: Pna2 1 , No. 33) [S11] . Magnetic sites (Mn) are located at the crystallographic position whose site-symmetry group is H = 1. The compound may be a candidate for antiferromagnetic spintronics devices [S12] , since it undergoes AFM phase transition with Q = 0 below a high Néel temperature T N ∼ 500 K [S11] .
We approximate the magnetic structure as a collinear AFM order parallel to the z axis for simplicity, although magnetic moments are almost aligned along the z axis with small canting [S11] . This simplification does not change the conclusion. The magnetic representation is obtained as
The ferromagnetic representation is given by
Therefore, the AFM representation is
due to Eq. (S26). The polar representation Γ j G = A 1 + B 1 + B 2 is comprised in Eqs. (S34) and (S35). Thus, both of the FM and AFM Edelstein effects are allowed.
The magnetic order reported in the experiment [S11] is represented by one of the B 1 modes of the AFM representation (S35). The AFM moment of MnSiN 2 can be inverted by an electric current j x , since the basis of the B 1 irreducible representation can be taken as a toroidal moment T x .
The feasibility of the electrical switching is also supported by the Aizu species analysis. The species of MnSiN 2 is given by
The species is full toroidic with the toroidal moment T x, and hence the electric current j x is coupled to the toroidal moment and switches the AFM domains. The species is also full magnetic, which indicates that the AFM state of MnSiN 2 can hold a net magnetization and the net magnetization of AFM domains are different from each other. The allowed net magnetization is along the y axis due to the preserved mirror symmetry for the zxplane.
According to the Aizu species of MnSiN 2 , magnetization M y induced by a magnetic field may invert the AFM moment, since the induced magnetization M y can be coupled to the toroidal moment T x arising from the AFM moment. Such an indirect switching of the AFM order with the magnetic field is forbidden in centrosymmetric crystals because of the PT symmetry.
S3. NOTES FOR THE AIZU SPECIES ANALYSIS
Given various order parameters such as electric polarization and ferromagnetic moment, Aizu species, an ensemble of pairs of disorder phase and order phase, is classified in a corresponding way. In this section, we note the convention in Ref. [S13] for the Aizu species classification by time-reversal-even (T even) physical quantities, e.g. electric polarization P and strainˆ .
An order parameter of the T even order is equivalent between the domain states connected by the time-reversal operation. This twofold degeneracy has been neglected in the Aizu species classification of Ref. [S13] . For instance, an Aizu species written as
is characterized as "full (F)" electric in Ref. [S13] . The domain states therefore seem to be perfectly controlled by an electric field E, since the field E is conjugated to the electric polarization P . On the other hand, using the coset decomposition of the group mmm1 by m m2 , we obtain electric polarizations in each domain {s i } as
where we suppose P 0 ẑ without loss of generality. The domains are related with each other as
The domains connected by the time-reversal operation θ cannot be distinguished by the electric polarization P . Thus, the species should be characterized as partial electric in the rigorous sense. Especially, it is important for our symmetry analysis of the switchable antiferromagnets to distinguish the domains connected by the operation θ, since those domains may be discerned by the toroidal moment and inverted by applying the electric current.
S4. PARTIAL TOROIDIC PROPERTY OF MAGNETIC HONEYCOMB LATTICE
FIG . S1 . The magnetic domains of U3Ru4Al12 [S14] (left panels) and two-dimensional honeycomb lattice (right panels).
denotes the threefold rotation (rotatory inversion) operation. U3Ru4Al12 has a toroidal moment, ±Tẑ, while it vanishes in the honeycomb lattice without taking the magnetostrictive effect into account.
In this section, we consider a fictitious example of a partial toroidic species: a collinear AFM order of a honeycomb lattice. By comparing the honeycomb lattice to U 3 Ru 4 Al 12 , which also belongs to a partial toroidic species, we illuminate a complementary role of the representation analysis and the Aizu species analysis.
Let us assume that the honeycomb lattice (the crystal group G = 6/mmm), hosting two sublattices with the site-symmetry group H =62m, undergoes a collinear AFM order aligned along the twofold axis in the xy plane as shown in the right panels of Fig S1 . Such magnetic order may realize in magnetic honeycomb systems such as transition-metal trichalcogenides [S15, S16] .
The assumed AFM order belongs to the same Aizu species as that of U 3 Ru 4 Al 12 [Eq. (14) in the main text]. Therefore, we may expect that the domains are partially-controllable by the electric current j z as in the case of U 3 Ru 4 Al 12 . The magnetic representation theory of the honeycomb lattice, however, leads to
which do not comprise the polar representation Γ j G = A 2u + E 1u in contrast to the magnetic representation of U 3 Ru 4 Al 12 [Eq. (15) in the main text]. As shown in Fig. S1 , the AFM structure of the honeycomb lattice actually contains only a nonpolar mode obtained as the E 2u mode, while the AFM order of U 3 Ru 4 Al 12 is represented by a polar mode, that is, the A 2u mode in addition to the E 2u mode. Then, the current j z is not linearly coupled to the AFM order. Thus, the AFM domains of the honeycomb lattice are not switchable by the AFM Edelstein effect.
The criterion for the controllability, that is, whether the AFM order comprises a toroidic moment depends on the site-symmetry of magnetic sites in a partial toroidic species. The representation theory and the Aizu species analysis are complementary: The presence or absence of a toroidal moment in an AFM state should be checked by the representation analysis, while the controllability of domains is understood by the Aizu species analysis.
To keep the consistency between the Aizu species analysis and the representation theory analysis as for the honeycomb lattice, we need to consider a magnetostrictive effect. In Eq. (S39), we assume that the magnetic representation is determined by the crystalline structure in the paramagnetic phase. A magnetic phase transition, however, may give rise to a structural change through a magnetic-elastic coupling, namely, magnetostrictive effect. The structural change transforms the magnetic representation into that in a lowered crystal symmetry. Now, we consider the AFM phase which has the polar axis along the z axis and the mirror symmetry for the zx plane. Owing to the magnetostrictive effect, the strain xx − yy is induced by the AFM order. This is phenomenologically understood by the Landau's free energy,
where η AF and η represent the AFM order parameter and the induced strain. λ represents the magneto-elastic coupling. When the AFM phase transition occurs with a non-negligible coupling λ, the crystal structure is deformed from hexagonal to orthorhombic as G = 6/mmm to G = mmm. Similarly, the site-symmetry group of the sublattice is transformed as H =62m to H = 2mm. The magnetic representation of the honeycomb lattice is reduced from Eq. (S39) to
The E 2u irreducible representation becomes reducible in the descended group G , and the irreducible decomposition is given by
The toroidal moment T ẑ belongs to the B 1u irreducible representation of G , and thus the electric current j z can control the AFM state through the AFM Edelstein effect induced by the magnetostrictive effect.
Although the current-induced switching is possible in other AFM domains in a similar manner, the magneticallyinduced strains in the xy plane are not coupled to the out-ofplane electric current j z . Therefore, the switching of AFM domains having the same toroidal moment cannot be caused by the electric current. This is consistent with the partial toroidic property of the Aizu species. As shown above, by taking the magnetostrictive effect into account, the representation analysis is consistent with the Aizu species analysis in the case of the honeycomb lattice.
S5. MAGNETOPIEZOELECTRIC EFFECT
In this section, we propose switching of magnetic states by a combination of the electric current and stress. This is similar to switching of structural deformations by making use of the piezoelectric effect, which is the coupling between the electric field and strain. In the following, we introduce a magnetopiezoelectric effect, and discuss the switching of magnetic compounds by using the magnetopiezoelectric effect.
First, let us consider how we manipulate domains of a metallic antiferromagnet U 3 Ru 4 Al 12 [S14] . The species of U 3 Ru 4 Al 12 is denoted as
property of which is described as follows [ Table III in the main text].
6/mmm1 F mmm z ˆ P M T P Z Z P This implies that none of the physical quantities (strainˆ , electric polarization P , ferromagnetic moment M , and toroidal moment T ) distinguish the domain states of U 3 Ru 4 Al 12 in the complete way. The magnetopiezoelectricity derived from asymmetric distortions of the electronic band structure, however, may be useful for the perfect distinction of the AFM domains [S17, S18] . Next, we introduce the magnetopiezoelectric effect. The asymmetric dispersion in the energy spectrum is realized in systems where both of the parity and time-reversal symmetries are broken. The antisymmetric part in the energy dispersion leads to an electronic nematicity under an electric current. For example, in a system with an asymmetric dispersion which is symmetry-adapted to the basis k x k y k z , the electric current j z gives rise to the electronic nematic order in the k x k y plane. Accordingly, the electronic nematicity induces an ionic displacement, that is, the strain represented by xy . The coupling between the electric current and the electronic/ionic nematic order is called magnetopiezoelectricity [S17] , since the time-reversal symmetry breaking is necessary.
The sign of the magnetopiezoelectric effect differs between the AFM domains connected by the operation θ. Thus, the AFM domains of U 3 Ru 4 Al 12 are completely distinguished by the magnetopiezoelectric effect, and the Aizu species can be classified as full magnetopiezoelectric species. In order words, the AFM domains are perfectly manipulated by making use of the electric current and stress. Although the electric current j z can switch the domains only in an incomplete way as discussed in the main text, the stress can control the magnetostrictive strains and therefore manipulate the domains with the same toroidal moment T ẑ. Thus, combination of the electric current and stress enables the perfect AFM domain switching.
The full magnetopiezoelectric property is satisfied in most of the zero toroidic species when both of the spaceinversion and time-reversal symmetries are broken. Hence, the zero toroidic magnetic compounds may be manipulated by applying the electric current and stress, while domains cannot be inverted by only the electric current because of an absence of the ferrotoroidic order. It should be noticed that the strain-free (Ga,Mn)As discussed in Sec. S2 A is zero toroidic but full magnetopiezoelectric, and the ferromagnetic domains can be manipulated by a combined use of the electric current and stress [S10] .
S6. CANDIDATE MATERIALS FOR ELECTRICAL SWITCHING OF ANTIFERROMAGNETIC ORDER
Our symmetry analysis uncovers a lot of candidate materials for electrically switchable antiferromagnets besides CuMnAs and Mn 2 Au [S4, S19] . In the following, we discuss some candidate materials we identified with a focus on the PT -symmetric and Q = 0 magnetic states. At the end of this section, we also show the list of more than 50 candidate materials.
A.
BaMn2As2 and CeMn2Ge2
BaMn 2 As 2 and CeMn 2 Si 2 crystallize in a tetragonal structure, which is a well-known ThCr 2 Si 2 -type structure (space group: I4/mmm, No. 139). Both compounds undergo the AFM phase transitions [S20-S22] and the corresponding Aizu species are given by
for BaMn 2 As 2 , and
for CeMn 2 Si 2 . The former species is zero toroidic, and the AFM state is not controllable by the electric current j.
On the other hand, the latter species is the same as CuMnAs, that is, full toroidic species indicating the AFM state perfectly controllable by j. The above classification is supported by the representation analysis. The magnetic sites Mn are characterized by the site-symmetry group H =4m2. The magnetic representation is obtained as
The AFM states of BaMn 2 As 2 and CeMn 2 Si 2 are characterized by the B 1u and the E u irreducible representation, respectively. While the former irreducible representation is nonpolar, the latter is polar and comprises the in-plane toroidal moment {T x , T y } in its basis. Thus, although the AFM order of BaMn 2 As 2 cannot be controlled by an electric current, the AFM order of CeMn 2 Si 2 is switchable by the in-plane electric current as in the case of CuMnAs. Therefore, CeMn 2 Si 2 and related materials may be a new electrically switchable antiferromagnets.
B. Trigonal XMn2Pn2
Some Mn 122-compounds denoted by the chemical formula X Mn 2 Pn 2 crystallize in a trigonal structure (space group: P3m1, No. 164) which is different from the ThCr 2 Si 2 -type structure. A lot of the compounds have the AFM phase where the magnetic moments of Mn atoms are collinear in the xy plane. In the cases of (X, P n) =(Ca, Sb) [S23] , (Sr, As) [S24] , and (Sr, Sb) [S25] , the species is obtained as
which is full toroidic, and hence the AFM state is perfectly controllable by the electric current j. With the sitesymmetry group of Mn sites H = 3m, the magnetic representation is given by
The AFM state in the species (S47) is characterized by the E u irreducible representation. This means that the AFM order is perfectly switchable by an in-plane electric current, since the basis of the E u representation can be taken as the in-plane toroidal moment. Hence, the antiferromagnets belonging to the species (S47) may be a platform of the AFM spintronics. Thus, candidate materials are not restricted to the previously-studied tetragonal systems [S4, S19] . Most of the trigonal Mn 122-compounds are insulating or semiconducting. The switching may not be efficient, since the AFM Edelstein effect is determined by the Fermi-surface term [S6, S17] . On the other hand, it has been recently reported that EuMn 2 As 2 becomes metallic by doping hole carriers [S26] . Although the magnetic structure of the doped system has not been identified, it may be a candidate for antiferromagnetic spintronics.
The trigonal X Mn 2 Pn 2 is a good example to illuminate a complementary role of two methods of symmetry analysis we present. In the case of (X, P n) =(Ca,Bi) [S27] , magnetic moments in the basal plane are slightly tilted from the basal rotation axes. The species is obtained as3
Therefore, the species of CaMn 2 Bi 2 differs from that of other compounds (S47), while both magnetic structures are characterized by the E u irreducible representation. Correspondingly, the domain states are different between the two species (S47) and (S49). Thus, although the magnetic representation characterizes the order parameter in the crystalline systems, stable domain states in the magnetic phase may not be uniquely determined. The domain states are completely elucidated with the use of the Aizu species analysis. The two symmetry analysis, the representation analysis and the Aizu species analysis, are complementary to each other. (Ref.) . The blank part has not been clarified to the best of our knowledge. The numbers of the Aizu species and the space groups follow Ref. [S13] and [S28] , respectively. All the compounds are characterized by the full toroidic species except for a partial toroidic compound U3Ru4Al12. In the column of Γ mag , the toroidal moments T are also shown as the basis for the polar irreducible representations. 
